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The time-symmetric formalism endows the weak measurement and its outcome, the weak value,
many unique features. In particular, it allows a direct tomography of quantum states without resort
to complicated reconstruction algorithms and provides an operational meaning to wave functions
and density matrices. To date the direct tomography only takes the forward direction of the weak
measurement. Here we propose the direct tomography of a measurement apparatus by combining
the backward direction of weak measurement and retrodictive description of quantum measurement.
As an experimental demonstration, the scheme is applied to the characterization of both projective
measurements and general positive operator-valued measures with a photonic setup. Our work
provides new insight on the symmetry between quantum states and measurements, as well as an
efficient method to characterize a measurement apparatus.
Introduction. A time-symmetric description of a phys-
ical system involving both the initial and final boundary
conditions allows not only the prediction but also retro-
diction of its evolution, therefore may reveal more infor-
mation about the system. Such description for quantum
systems can be captured by the two-state vector formal-
ism (TSVF) [1]. The pre-selected state describing the
preparation of the system evolves forward in time, while
the post-selected state determined by the measurement
on the system evolves backward. The TSVF provides a
new approach to interpret many intriguing quantum ef-
fects [2–6]. In particular, adding retrodiction to the stan-
dard predictive approach allows an improved description
of the evolution trajectories of quantum systems [7–10].
One of the most remarkable phenomena from TSVF
is the weak measurement and its associated outcome,
the weak value [11]. Weak values may lie outside of the
spectrum of the measurement operator and can even be
complex, therefore is widely used to amplify tiny effects
[12–16], and to investigate the geometric phase [17–20]
and parity-time symmetric systems [21]. In particular,
the complex weak value can be the complex probabil-
ity amplitude of the wavefunction, therefore allows a di-
rect tomography of quantum states and processes [22–33].
Compared to the conventional tomography scheme that
reconstructs a quantum state with an overcomplete set of
measurements followed by the complex post-processing
of data [34, 35], the direct tomography avoids the re-
construction algorithm and shows distinct advantages in
both directness and simplicity. Therefore, the direct to-
mography promises to be especially useful in the charac-
terization of high-dimensional states.
Until now direct tomography only takes the forward
direction of the weak measurement to characterize the
pre-selected state and its evolution. The time symmetric
formulation has not been fully explored. Since the pre-
and post-selected states enter the formulation on equal
footing, it is expected that the backward direction allows
to directly determine the post-selected state, which can
be viewed as the retrodicted state of the measurement
performed on the quantum system [36]. This connection
implies the feasibility of direct tomography of a quantum
measurement. However, to fully characterize a measure-
ment apparatus, a completely symmetric form of TSVF
is not enough. Due to its intrinsic probabilistic nature, a
quantum measurement is described by not a single but a
set of retrodicticted states, each of which corresponds to
one measurement outcome. Moreover, different retrod-
icted states may not be orthogonal to each other, leading
to a more involved uncertainty in the generation of the
post-selected state in weak measurement.
In this paper, we propose the general framework for
the direct quantum detector tomography (DQDT) pro-
tocol. We assign the equivalent detection efficiencies to
the retrodicted states, constituting the positive operator-
valued measure (POVM) of the measurement appara-
tus. We then establish a direct connection between the
POVM of the quantum measurement and the weak val-
ues. Such connection allows to directly determine the ar-
bitrary POVM element of interest. As a demonstration,
we experimentally characterize both projective measure-
ments and general POVMs in the polarization degree of
freedom (DOF) of photons. The DQDT avoids the com-
plex reconstruction algorithm in the conventional quan-
tum detector tomography (CQDT) and shows great po-
tential in characterizing high-dimensional quantum mea-
surement with multiple outputs.
Theoretical framework. To determine a pure quan-
tum state |s〉, we expand it in a set of orthogonal bases
{|i〉} (I) with the coefficients αi = 〈i|s〉 such that |s〉 =∑
i αi|i〉. Typically, αi cannot be directly acquired from
the outcome in the strong measurement regime, since the
measurement of pˆii = |i〉〈i| performed on |s〉 only yields
|αi|2 and the induced collapse holds back the extraction
of the phase information. Instead, the whole informa-
tion of {αi} are disclosed using conventional tomography
technique which employs several, usually conjugate, sets
of measurement bases followed by a global reconstruc-
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2FIG. 1. Experimental Setup. (a) The pulsed laser at 830nm first gets through a β-barium borate (BBO) crystal for the
second harmonic generation and then inputs the potassium di-hydrogen phosphate (KDP) crystal for spontaneous parametric
downconversion (SPDC). Two photons are simultaneously generated in SPDC, one of which is used for heralding and the
other is collected to input the ’Weak Measurement’ module for the characterization of the unknown quantum measurement
labelled ‘Measurement (I, II)’. The module ‘Measurement I’ and ‘Measurement II’ illustrate the experimental implementation
of projective measurements and symmetric informationally complete positive-operator-valued measure (SIC POVM) in the
polarization degree of freedom, respectively. In (b), we show the retrodicted states of four sets of projective measurements.
The solid (dashed) arrows refer to |ξn〉 (|ξ⊥n 〉). (c) The retrodicted states of ideal SIC POVM |ξn〉 (arrows) and those of the
POVM reconstructed by the conventional quantum detector tomography ρcrn (points) are compared in the Bloch sphere. The
red, green, blue and yellow colors in (b) and (c) correspond to n = 1, 2, 3, 4, respectively.
tion algorithm. As a contrast, the direct tomography
scheme of Lundeen et.al associates {αi} with the com-
plex weak values, which allows {αi} to be straightly mea-
sured. In the direct scheme, the quantum system (QS)
with the initial state |s〉 is weakly coupled to a meter state
(MS) under the Hamiltonian Hˆ = gδ(t− t0)pˆiiMˆ , where
g is the small coupling strength and Mˆ is the observ-
able of MS. After the coupling, the QS is post-selected
to |ψn〉 ∝
∑
i |i〉. The weak value of pˆii is given by
〈pˆiwi 〉(n)s =
〈ψn|pˆii|s〉
〈ψn|s〉 ∝ αi, (1)
which can be revealed by the measurement of the final
MS that survives the post-selection. Thus, by measuring
the weak values of pˆii that scans in the basis I, {αi} can
be completely determined with the additional normaliza-
tion.
As shown in Eq. (1), the formulation of weak value
is symmetric for both pre- and post-selected states (i.e.,
|s〉 and |ψn〉). Consequently, the post-selected state |ψn〉
can also be directly measured by properly preparing the
pre-selected state |s〉. Since the post-selection onto |ψn〉
is typically realized by performing a projective measure-
ment with the operator Πˆn = |ψn〉〈ψn|, this method is
expected to be able to characterize a quantum measure-
ment.
We first concentrate on characterizing a special kind of
POVM elements Πˆn = ηn|ψn〉〈ψn|. From the retrodictive
approach of quantum physics, |ψn〉 and ηn can be inter-
preted as the retrodicted state and the equivalent detec-
tion efficiency, respectively [36–39]. Let |ϕn〉 = √ηn|ψn〉
and the POVM element is simplified to Πˆn = |ϕn〉〈ϕn|.
When the measurement outcome is n, the weak value of
pˆii is shown as
〈pˆiwi 〉(n)s =
〈ϕn|pˆii|s〉
〈ϕn|s〉 . (2)
If we prepare |s〉 ∝ ∑i |i〉, the coefficients c(n)i of |ϕn〉
expanded in the basis I is proportional to the complex
conjugate of the associated weak value, given by
c
(n)
i = 〈i|ϕn〉 = µ(n)s,i 〈pˆiwi 〉(n)∗s , (3)
where µ
(n)
s,i = 〈s|ϕn〉/〈s|i〉. 〈s|i〉 always equals to 1/
√
d
in d-dimensional quantum system and 〈s|ϕn〉 remains a
constant which can be inferred from the success proba-
bility of post-selection P
(n)
s,i . In weak interaction regime
(g → 0), P (n)s,i ≈ |〈s|ϕn〉|2 and we have µ(n)s,i ≈
√
P
(n)
s,i d.
For the arbitrary g, the exact expression to acquire µ
(n)
s,i
depends on both g and the specific MS, which is given in
[38].
In the following, we discuss the direct characterization
of the general POVM elements Πˆn = ηnρn, in which
the retrodicted state ρn is denoted by the density ma-
trix. When the POVM element Πˆn is performed as post-
selection, the weak value can be written as
〈pˆiwi 〉(n)s =
〈s|Πˆnpˆii|s〉
〈s|Πˆn|s〉
. (4)
By preparing the pre-selected state |s〉 in the basis S that
is mutually unbiased to the basis I, the Dirac distribution
3(a)
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FIG. 2. The experimental results for the characterization of the ‘Measurement I’. According to the Eq. (3), the POVM element
with pure retrodicted state can be directly derived with the associated weak values 〈pˆiwi 〉(n)s and the coefficients µ(n)s,i , which are
shown in (a) and (b), respectively. (c) The retrodicted states of four sets of projective measurement are shown in the Bloch
sphere. The solid (dashed) arrows refer to the theoretical retrodicted states |ξn〉 (|ξ⊥n 〉) and the points (cubes) represent the
experimental retrodicted states |ψn〉 (|ψ⊥n 〉). The red, green, blue and yellow colors refer to n = 1, 2, 3, 4, respectively.
[22, 23, 40, 41] of Πˆn, formulated as T
(n)
s,i = 〈s|Πˆn|i〉〈i|s〉,
is directly related to the weak value, given by
T
(n)
s,i = 〈s|Πˆn|s〉〈pˆiwi 〉(n)s = ν(n)s,i 〈pˆiwi 〉(n)s . (5)
To obtain a complete description, the Dirac distribution
T
(n)
s,i requires to scan all the |s〉 and |i〉 from the basis
S and I, respectively. The coefficient ν(n)s,i ≈ P (n)s,i ≈
〈s|Πˆn|s〉 when g → 0. The exact expression to acquire
ν
(n)
s,i for the arbitrary g is given in [38].
To extract the weak value, we employ a qubit as the
MS that is initialized to ρm = |0〉m〈0|. The observable
of the MS that is involved in the coupling Hamiltonian is
Mˆ = i(|0〉m〈1| − |1〉m〈0|). When the QS is post-selected
by the quantum measurement with the outcome n, we
perform measurement with the operator |0〉m〈0|, σˆ1 =
|0〉m〈1| + |1〉m〈0| and σˆ2 = i(|0〉m〈1| − |1〉m〈0|) on the
final MS ρ′m, obtaining the weak value as [38]
〈pˆiwi 〉(n)s =
1
2 tan g
[ Tr(ρ′mσˆ1)
m〈0|ρ′m|0〉m
+ i
Tr(ρ′mσˆ2)
m〈0|ρ′m|0〉m
)
]
. (6)
Overall, DQDT allows the use of only two bases for state
preparation and weak measurement to completely deter-
mine a general quantum measurement in the arbitrary
dimensional state space.
Experiment. The experimental setup is shown in Fig.
1 (a). We employ single photons to characterize the
photonic measuring apparatus in the polarization DOF
in the ‘Weak Measurement’ module. By referring to
the polarization of photons as the QS, we prepare the
pre-selected state through a polarizer and a half-wave
plate (HWP). Then, the pre-selected photons input a
polarizing beam displacer (PBD), which converts the
polarization-encoded QS to the path-encoded. The po-
larization of photons in the two paths, is employed as the
MS. We use the computational basis {|0〉, |1〉} referring to
the |H〉 and |V 〉 for polarization qubit or the upper and
lower path for the path qubit. A HWP at 45◦ placed in
path ‘1’ initializes the MS to |0〉m. The coupling Hamil-
tonian Hˆ = gδ(t − t0)pˆiiMˆ is realized by rotating g/2
degree the HWP placed in ith path. Since the post-
selection on QS and the measurement of MS are physi-
cally commutable, we first perform the projective mea-
surement on the MS with the following combination of a
quarter-wave plate (QWP), a HWP and a polarizer [42].
Afterwards, the transmitted photons are recombined in
a PBD to transform the path-encoded QS back to the
polarization-encoded. The subsequent HWP at 45◦ is to
exchange the reversed |H〉 and |V 〉 during the coupling
process. Finally, the quantum measurement, which is to
be characterized, implements the post-selection on the
QS.
We characterize two types of quantum measurements,
respectively shown as the ‘Measurement I’ and the ‘Mea-
surement II’ in Fig. 1 (a). The ‘Measurement I’, com-
posed of of a QWP, a HWP and a PBD, performs the
projective measurement on the polarization of photons.
We implement four configurations corresponding to four
sets of projective measurements {|ξn〉〈ξn|, |ξ⊥n 〉〈ξ⊥n |}(n =
1, 2, 3, 4), respectively, in which the retrodicted states
are parameterized as |ξn〉 = an|H〉 + bneiφn |V 〉 and
|ξ⊥n 〉 = bn|H〉 − aneiφn |V 〉. With the parameters 2a1 =
2a2 = 2a3 = b1 = b2 = b3 = 2/
√
3, φ1 = pi/3,
φ2 = −pi/3, φ3 = φ4 = 0, a4 = 1, b4 = 0, |ξn〉 and
|ξ⊥n 〉 for n = 1, 2, 3, 4 are plotted in the Bloch sphere in
Fig. 1 (b). Since the retrodicted states are pure, we fix
the pre-selected state to |D〉 = 1/√2(|H〉+ |V 〉). In the
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FIG. 3. The experimental results for the characterization of the ‘Measurement II’. The direct quantum detector tomography
(DQDT) results are compared with those inferred from the positive-operator-valued measure (POVM) that is reconstructed
in the conventional quantum detector tomography (CQDT). Based on the Eq. (5), the Dirac distributions of the POVM
element can be directly determined by the related weak values 〈pˆiwi 〉(n)s and the coefficients ν(n)s,i , which are shown in (a) and
(b), respectively. (c) The Dirac distribution of the POVM for the ‘Measurement II’ are illustrated with the cylinders and solid
edges referring to the DQDT and the CQDT results, respectively.
measurement of the QS, we vary the coupling strength g
ranging from −42◦ to 42◦ with the step of 6◦. For each
non-zero g, we obtain one set of the characterization of
the quantum measurement based on the obtained coeffi-
cients µ
(n)
s,i and the weak values 〈pˆiwi 〉(n)s with Eq. (3) (re-
sults given in [38]). To accommodate the systematic and
statistical errors, we fit the measurement results accord-
ing to the Eq. (6) with different g to acquire estimates
of µ
(n)
s,i and 〈pˆiwi 〉(n)s , which are shown in Fig. 2.
The ‘Measurement II’ in Fig. 1 (a) illustrates our real-
ization of the symmetric informationally complete (SIC)
POVM on the polarization of photons through a five-step
quantum walk [43–45]. Ideally, the POVM elements of
the four outputs from the bottom to the top are respec-
tively Πˆn = ηn|ξn〉〈ξn| for n from 1 to 4 with all the
equivalent detection efficiency ηn = 0.5. However, due
to the experimental imperfections, the retrodicted states
of the realistic SIC POVM may be mixed states. There-
fore, we prepare the pre-selected states to both |D〉 and
|A〉 = 1/√2(|H〉 − |V 〉). The experimental results for
each g are given in [38] while the fitted coefficients ν
(n)
s,i
and the weak values 〈pˆiwi 〉(n)s with g are shown in Fig.
3. As a comparison, we also reconstruct the POVM of
the ‘Measurement II’ by the CQDT [38]. From the re-
constructed results, we derive the retrodicted states ρcrn
which are shown in Fig. 1 (c). The fidelities between ρcrn
and |ξn〉 as well as the corresponding equivalent detec-
tion efficiencies ηcrn for n = 1, 2, 3, 4 are given in Table.
II.
Results. In Fig. 2 (a) and (b), the associated weak
values 〈pˆiwi 〉(n)s and µ(n)s,i are compared with the theoretical
predictions, respectively. Based on the measured |ϕn〉
and |ϕ⊥n 〉, we derive the corresponding retrodicted states
which are shown in Fig. 2 (c). The equivalent detection
efficiencies ηn and η
⊥
n as well as the fidelities between the
measured (|ψn〉, |ψ⊥n 〉) and the theoretical (|ξn〉, |ξ⊥n 〉)
retrodicted states for n = 1, 2, 3, 4 are given in the Table.
I. The definition of fidelity between two general states ρ1
and ρ2 is F(ρ1, ρ2) = [Tr(
√√
ρ1ρ2
√
ρ1)]
2.
TABLE I. Results for ’Measurement I’
1 n = 1 n = 2 n = 3 n = 4
F(|ψn〉, |ξn〉) 0.9988 0.9952 0.9979 0.9999
F(|ψ⊥n 〉, |ξ⊥n 〉) 0.9973 0.9995 0.9984 0.9999
ηn 0.9834 0.9693 0.9647 0.9881
η⊥n 1.0007 0.9887 1.0039 1.0041
In Fig. 3 (a) and (b), we compare the measured weak
values 〈pˆiwi 〉(n)s and the coefficients ν(n)s,i with those cal-
culated by the reconstructed POVM in the CQDT. Ac-
cording to the Eq. (5), we obtain the Dirac distribution
of the POVM, shown in the Fig. 3 (c). After convert-
ing the measured Dirac distribution T
(n)
s,i to the matrix
representation in the {|H〉, |V 〉} basis [38], we denote the
derived retrodicted states and the equivalent detection
efficiencies as ρmdn and η
md
n , respectively. The fidelities
F(ρmdn , ρcrn ) and ηmdn for n = 1, 2, 3, 4 are given in Table.
II.
Discussion. The Table I and II demonstrate that the
directly measured POVMs are in good agreement with
the theoretical predictions or the results of the CQDT.
5TABLE II. Results for ’Measurement II’
n = 1 n = 2 n = 3 n = 4
F(ρcrn , |ξn〉) 0.9771 0.9904 0.9872 0.9964
F(ρmdn , ρcrn ) 0.9994 0.9994 0.9999 0.9997
ηcrn 0.4903 0.5031 0.4993 0.5074
ηmdn 0.4936 0.5047 0.4915 0.5060
In the DQDT scheme, the POVM element is determined
directly and individually, which cannot ensure the mea-
sured POVM to satisfy the positivity and the complete-
ness conditions due to the systematic and statistical er-
rors. This issue widely exists in the direct tomography
protocols. In view of discussions to solve the problem in
direct state tomography [46], we also provide a method
to adjust the directly measured POVMs to satisfy the
physical constraints [38].
The measurement of weak value in our scheme is not
limited to the weak measurement but for any non-zero
coupling strength g. Our results imply that the weak
value is an intrinsic physical quantity in TSVF of a quan-
tum system. Weak measurement typically makes the
weak value have intuitive physical interpretation, e.g.,
the amplified coefficient, but is not the necessary condi-
tion to extract the weak value. Additionally, the adjust-
ment of the coupling strength g is likely to improve the
efficiency and precision in the estimation of weak value
[28–31, 46].
Conclusion. In conclusion, we for the first time propose
a direct tomography scheme to characterize an unknown
quantum measurement. Combining the retrodictive ap-
proach of quantum physics with the backward direction
of weak measurement, we associate the POVM of the
quantum measurement with the weak values. The direct
tomography scheme is experimentally applied to charac-
terize both the projective measurements (with pure retro-
dicted states) and the general POVM (with mixed retro-
dicted states). The DQDT results coincide well with the
theoretical predictions and the results of CQDT, while
showing the algorithmic and operational simplification
in characterizing complicated measurement apparatus.
Extending the direct tomography from quantum states,
quantum processes to quantum measurement not only
provides new tools for investigating non-classical features
of quantum measurement but also highlights the time-
symmetric formulation of the weak measurement and ex-
tends its scope.
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